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Abstract

Λ-fractional analysis is extended, just to include fractional derivatives with fractional orders higher than one. It is proposed 
that Λ-fractional derivatives of orders higher than one are directly related to the Λ-fractional derivatives of orders less than 
one. The proposed Λ-fractional derivatives are applied to the Dirac delta functions. 
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Introduction

Fractional calculus is a quite strong mathematical tool, especially for non-local mathematical analysis, demanded by specific prob-
lems of physics, mechanics, engineering, etc. Eringen [1] has proposed non-local extensions of two fundamental laws in physics. a) 
The energy balance law to remain in global form and b) a material point is considered to be attracted by all points of the body, at all 
past times. Leibnitz [2] proposed the fractional derivative in 1695, and many famous researchers [3-6] worked on the topic present-
ing various types of fractional calculus. There exists extensive literature concerning applications of fractional calculus in viscoelas-
ticity, Rabotnov [7], Bagley & Torvik [8,9], Atanackovic [10], Mainardi [11]. Nevertheless, all the well-known fractional derivatives, 
do not access all the properties of the derivatives, because they fail to satisfy Differential Topology prerequisites for corresponding to 
differentials, generating Differential Geometry. Those well-known rules are Chillingworth [12]:

1. Linearity D(af(x)+bg(x))=aDf(x)+bDg(x)                                                                 (1.1)

2. Leibniz rule  D(f(x)∙g(x))=Df(x)∙g(x)+f(x)∙Dg(x)                                                      (1.2)

3. Chain rule D(g(f))(x)=Dg(f(x)∙Df(x)                                                                          (1.3)

Lazopoulos [14], presented a fractional derivative satisfying both the prerequisites of Differential Topology and the fractional post-
tulates, able to generate Fractional Differential Geometry, Lazopoulos [15]. It was proposed the Λ-Fractional Analysis with the basic 
characteristics of the Λ-Fractional derivative and  Λ-fractional space where the fractional derivatives behave as conventional local 
ones. That analysis has been applied in continuum mechanics, Lazopoulos [16, 17,18]. The Λ-fractional derivative (Λ-FD) is defined 
for 0<γ<1 as:

Recalling the definition of the Riemann Liouville’s  fractional derivative, Eq.(3), the Λ-FD is expressed  by,

Further, the Λ-fractional space is defined by (X, F(X)) with,

The Λ-FD exhibits all the properties of the conventional local derivatives, in the Λ-fractional space (X, F(X)). Hence, Fractional Dif-
ferential Geometry may be generated as a conventional differential geometry in the fractional Λ- space, ( X, F(X)).  Then the results 
may be transferred to the initial one using the relation,

In case the contribution of the right side fractional derivative should be taken into consideration, the Λ-fractional space may be 
defined with,
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Trying to formulate the Λ-fractional analysis into the context of the existing fractional calculus, conforming with the demands, as 
have been postulated by Ross [6,7], the Λ-fractional derivative for γ>1 is formulated as follows: If  , the Λ-fractional 
derivative is defined by,

Then, the Λ-fractional derivative is defined by,

Hence,

The Λ-fractional derivative coincides with the R-L fractional derivative when 1-γ=0 and consequently with the conventional deriva-
tive. The other steps remain the same with the transferring rule,

Therefore, the Λ-fractional derivative has been extended just to include orders higher than one.

Example
For a better explanation of the initial and the  fractional Λ-space, consider the  function
 

f(x)=x3                 ,                                                                                                            (2.1)  
then according to Eq.(1.9b),

Nevertheless, we may formulate the fractional Λ-space if we substitute x from Eq.(1.6a). Indeed,

Figs. (1,2) clarify the original and the fractional Λ-space. Fig.1. corresponds to 

Eq.(2.01), while Fig.2 corresponds to Eq.(2.3) for γ=0.8.
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Further, the Λ-fractional derivative is defined only in the Λ-fractional space as the conventional derivative,

Therefore, for the present case of f(x)=x3, the corresponding ( )a xD f xγΛ  in the Λ-fractional space is defined by,

Fig.3 shows the curve of F(X) ( )a xD f xγΛ  in the Λ-fractional space.

Figure 1: The curve f(x)=x3  in the initial space 

Figure 2: The curve in the Λ-space for γ=0.8

Figure 3:  The derivative ( )a xD f xγΛ  in the Λ-fractional space
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Transferring the function of the ( )a xD f xγΛ  in the initial space with,

X=0.908x1..2                                                                                                                (2.6)

and

It has been pointed out that the present Λ-fractional analysis is straight forward when 0<γ<1. That is quite evident, since the Rie-
mann-Lowville fractional derivatives for k-1<γ< k are defined as:

Therefore, an analogue Λ-fractional derivative for  1<γ  is not possible, since the fraction

cannot be represented as a derivative  of the type,  

The present fractional analysis for 0<γ<1 is extended just to include fractional derivatives with 1< γ.   

Figure: 4  The function f 1(x) of the Λ-fractional  derivative in the initial space for γ=0.8
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The Λ-Fractional Analysis for k-1<γ<k

The Λ-fractional analysis is extended in the present paragraph, just to include fractional derivatives higher than 1. Let us consider the 
order γ of the Λ-fractional derivative where k-1<γ< k. Introducing a Λ-fractional derivative of order

the Λ-fractional space is defined by (X, F(X)) with,

Hence, the Λ-fractional derivative in the Λ-fractional space is defined as the k-th derivative of the function F(X) concerning X, i.e.

Transferring the function G(X) from the Λ-fractional space to the initial space the Λ-fractional derivative g(x) has been derived for 
k-1<γ<k  with,

Therefore, the Λ-fractional derivative has been extended just to include orders higher than one.

For a better explanation between the initial and the fractional Λ-space, consider the function  f(x)=x3    and the order γ=2.4. According 
to Eq.(3.1), γο=0.8. Hence the function F(X) in the Λ-fractional space is defined by,  

Nevertheless, we may formulate the fractional Λ-space if we substitute x from Eq.(3.2). Indeed,    

Therefore, the problem of defining the Λ-fractional space for the present case has been transferred to the preceding paragraph where 
the function f(x)=x3 with the fractional order γ=0.8. Hence,

The third derivative of the function F(X), in the Λ-space, is given by G(X),
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Transferring G(X) into the initial space, the Λ-fractional derivative ( )2,4
a xD f xΛ  is defined by,

In fact

and

Figure: 5 The ( )2,4
a xD f xΛ  in the Λ-fractional space of t6he function f(x0=x3

Figure: 6The Λ-fractional derivative ( )2,4
a xD f xΛ  in the initial space of the function f(x)=x3
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The procedure presented in the present paragraph will be extended to the Dirac delta function in the next paragraph.

The Λ-fractional Dirac Delta Function
The Dirac delta function is defined by,

Further, for integer n,

The question is about theΛ-fractional  Dirac delta function when n is rational. In that case, two types are discussed. First when 0<n<1 
and secondly when 1<n. In the first type, the Λ-fractional space for γ=n  is formulated. Then, according to Eq.( 4.1 ),

Then the steps for transferring F(X) into the initial space f(x) are followed exactly as they were described in the previous chapters.  
Nevertheless, when k-1<γ<k, the procedure for defining the Λ-fractional function is quite different, since the method for the corre-
sponding Λ-fractional derivatives for 1<γ is followed. Indeed, the γο=γ/k order is considered. Hence the Λ-fractional analysis for the 
γο order is considered. Then the Λ-fractional derivative of γ order  is transformed into the k-th derivative in the Λ-fractional space. 

The function of the k-th derivative  is transferred into the initial space, taking into consideration the order γο. The procedure 
will be explained by applying it to the the Λ-fractional derivative of the unit of γ-order. 

The procedure will be explained by discussing the  and   cases.

Λ-fractional Dirac Delta Function of Order γ=0.8

Consider the function f(x)=1  in the initial space. Transferring the function f(x) into the  Λ-fractional space (Χ,F(Χ)) with fractional 
order γ=0.8,

Further, the X variable in the Λ-fractional space is defined by,
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Substituting x into the function F(x), the function F(X) is defined into the Λ-fractional space by,

                       F(X)=1.106X0.167.                                                                                                     (4.6)

The function F(X) in the Λ-fractional space corresponds to f(x)=1 in the initial space.

Then, according to Eq.(4.1),

Thus, for the function F(X) in the Λ-fractional space corresponding to the initial function f(x)=1, the derivative of the Dirac delta 
function yields in the Λ-fractional space,

Figure: 7 The function F(X) in the Λ-space corresponding to f(x)=1 in the initial space. 
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The next step is to transfer the function –D[F(X)], as it is defined in theΛ-fractional space and indicated in Fig.8, into the initial space.

Using numerical methods, the function f(x) corresponding to [1].

Figure: 8 The first derivative of the Dirac Delta function  corresponding to F(X) in the Λ-fractional space 

Figure: 9  The function of the Dirac Delta of 1 of order γ=0.8
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Λ-fractional Dirac Delta Function of Order γ=2.4

The present section is devoted to the definition of the Dirac Delta function of fractional order 1<γ=2.4. As was pointed out in the 
preceding sections, the present γ order lies in the interval 2<γ=2.4<3. Hence, the order γο=2.4/3=0.8 lying in the interval (0,1) is con-
sidered. Consequently, the Λ-fractional analysis is formulated with fractional order γο=0.8<1. Thus, the function f(x)=1 is transferred 
into the Λ-fractional space as the function F(X) defined by Eq.(4.6). Then, the fractional derivative of the function f(x)=1 of order 
γ=2.4 is transferred, into the Λ-fractional space of the order γο=0.8, as the derivative,

Transferring that curve from the Λ-fractional space to the initial one, the  in the initial space should be,

Figure: 10  The curve of   in the Λ-fractional space

Figure: 11 shows the 2.4 derivative of 1 in the initial space. 
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Conclusion–Further Results

The Λ-fractional analysis has been completed just to include fractional orders γ>1. Hence a complete Λ-Fractional analysis has been 
presented, ready to offer results in any applications.  In addition, the Λ-fractional analysis of the Dirac Delta function offers strong 
tools in various applications, like visco-elastic problems  [ 8-11 ], earthquake studies [13], and not only.  Further applications may be 
found in [19-21].

References

1.Eringen AC (2022) Nonlocal continuum field theories. Springer, New York, NY.

2. Leibniz GW (1849) Letter to G.A. L’Hospital , Leibnitzen Mathematishe Schriften, 2: 301-2.

3. Liouville J (1832) Sur le calcul des differentielles a indices quelconques. J. Ec. Polytech.13: 71-162.

4. Riemann B (1876) Versuch einer allgemeinen Auffassung der Integration and Differentiation. In: Gesammelte Werke, 62: 1876.

5. Samko SG, Kilbas AA, Marichev OI (1993) Fractional integrals and derivatives: theory and applications. Gordon and Breach, 
Amsterdam.

6. Podlubny I (1999) Fractional Differential Equations (An Introduction to Fractional Derivatives, Fractional Differential Equations, 
Some Methods of Their Solution and Some of Their Applications), Academic Press, San Diego-Boston-New York-London-Tokyo-
Toronto.

7. Oldham KB, Spanier J (1974) The fractional calculus, Academic Press, New York, and London.

8. Bagley RL, Torvik PJ (1986) On the fractional calculus model of viscoelastic behavior, Journal of Rheology, 30: 133-55.

9. Bagley RL, Torvik PJ (1983) A Theoretical for the application of fractional calculus to viscoelasticity, Journal of Rheology, 27: 201-
10.

10. Atanackovic TM, Stankovic B (2002) Dynamics of a viscoelastic rod of fractional derivative type. ZAMM, 82: 377-86.

11. Mainardi F (2010) Fractional calculus and waves in linear viscoelasticity, Imperial College Press, London.

12. Chillingworth DRJ (1976) Differential Topology with a view to applications, Pitman, London, San Francisco.

13. Makris N (2021) The fractional derivative of the Dirac Delta Function and additional results on the inverse Laplace Transform of 
irrational functions, Fractal & Fractional 5: 18.

14. Lazopoulos KA, Lazopoulos AK (2019) On the Mathematical Formulation of Fractional Derivatives.Prog. Fract. Diff. Appl. 5: 
261-7.

15. Lazopoulos KA, Lazopoulos AK (2021) On fractional geometry of curves, Fractal & Fractional,5.

16. Lazopoulos KA, Lazopoulos AK (2022) On Λ-fractional Elastic Solid Mechanics, Meccanica, 57.

17. Lazopoulos KA (2023) Stability criteria and Λ-Fractional Mechanics, Fractal & Fractional. 7: 248.

18. Lazopoulos KA, Lazopoulos AK (2023) On Λ-Fractional wave propagation in solids, Mathematics, 11: 4183.

19. Makris N, Efthymiou E (2020) Time-response functions of fractional rheological models,, Rheological Acta.

20. Makris N, Constantinou MC (1991) Fractional –derivative Maxwell model for viscous dampers, J. Struct. Eng, 117: 2708-24.

21. Makris N (2020) Viscous-viscoelastic correspondence principle for Brownian motion, Physical Review E, 101.


